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Hyperbolic Trajectory p.1/4

Definitions & (standard) nomenclature:

a:=
b :=

¢ = NTTD
p:=b?/a
=c—a

e=c/a=+1+b%/a?

0=
t:=tandY =

Sl IS

y =a./1+x2/b?

hyperbola's branch of interest

semi-major axis

semi-minor axis

linear eccentricity

semi-latus rectum = perifocal radius of curvature
perifocal distance

eccentricity
argument of positive asymptote

tangent thereof

Dimensionless (rs :== Schwarsschild radius of gravitating mass):

a:=a/rg
B =Db/rs
K= c/Ts
A=p/rs
Pp = 7"p/T‘S
Deflection of light:
Soldner': (radius contraction is Schwarsschildian)
1 1 1 3 5 35 1
Z=tand=——— =—t—+——t+t—s+ 5+0<—6)
B 2 ’pp(pp—l) 2pp 4pp 16pp 32pp 256pp Pp
Newsteinian?:
a 1 1 1 1 1 1 1 1
—=tany = — = =—+—+—+ + +0<—>
B 20p  2pp-1 2pp  4pj  8p)  16py  32pp rp
Schwarsschildian 2 €insteinian = Newsteinian & €insteinian have 2" order equivalence!
Wanted: l(pp) (dimensionless perifocal radius of curvature)
We've got: k= a?+ B2 .. k?=a?+ p?
2
1=2
a
Pp =K—a
, a 1 ..
& we'll use: === (Newsteinian)
B 2pp-1

From the latter,
we obtain:

hence:
Also:
Therefore:
i.e.:

or:

B=a(2p,—1) = p? =a?*(2p, — 1)2 ~A=a(2p, - 1)2

K =a%+a’(2p, - 1)2 = a® + a?(4pt — 4pp, + 1) = 4a’p3 — 4a’p, + 2a*
K=p,—a-: K =(pp—a)2 = pj — 2ap, + a*

4a’py — 4atp, + 2a* = pj — 2ap, + a®

4a’py —4atp, + 2a® — p5 + 2ap, —a® =0

(4p% — 4pp + 1)a® + 2ppa — p5 = 0

" https://henk-reints.nl/astro/HR-Deflection-of-light-passing-a-mass.pdf
2 https://henk-reints.nl/astro/HR-Newstein-corrected. pdf
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HR/20260731T1600 Hyperbolic Trajectory p.2/4

—2ppi\/4p%—4(4pf,—4pp+1)(—p%) —2pp12pp\/1+(4—p§—4pp+1)

which yields: a = 2(4p7—app 1) = 2(4p7—app 1)
—-pptpPp /4p§,—4pp+2 -1+ /4p§—4pp+2
- 4p3—4pp+1 = Pp (zpp_l)z
/4pg—4pp+2 -1
since a, p, > 0: a= Pp (pr—1)2 (only the plus sign applies)
and then: A=a(2p,-1)" = p, (\/4p5 —4p,+2 - 1)
Quod €rat Demonstrandum.
pPp = % =51 =0 (agrees with ref.2 saying p, > %).
pp=1=1=v2-1 ~ 0.414 213 562 373 095 14
pp ~ 1.248 795456 246304 =1 =1
pp=> =>1=2(5-1) ~ 1.854 101 966 249 684 7
pp=3 =>1=3(V26-1) ~ 12.297 058 540 778 353

Taylor series @pp = 0: converges for p, < \/5/2 only

: o A =2p2 — r ., 1,3 L __3 _ (i
Laurent series @p, = 0: A = 2p; —2p, + . T . + v + 12853 51278 0 P

1 1
=2pp(pp—1)+; +0 (g)
This result applies to Newtonian deflection using Newsteinian mechanics, which
essentially has next premise:

Total free fall energy = Newtonian Ey.¢ + Einsteinian Ey;, = constant.

For the true deflection of light, ¥ or tan would be twice as large.
2
Henk's: Z =tand¥ =
B true 2pp—1
Since this concerns just one half of the total path,
the true light deflection angle becomes:
Apior = 204rye

Of course it is arguable whether this doubly bent trajectory would still be a perfect
hyperbola (& I didn't even try to (dis)prove such), but wouldn't a hyperbola at least be quite
an accurate approximation letting us win a trophy for tracking the troublesome but
truly tremendous triomphantly traversed tropical trajectory's trail? So wouldn't it
render a similar deduction? Let's do it!

We've nowgot:  2p = a(2p, —1) =~ p% = iaz(pr - 1)2 s A= ia(pr — 1)2

hence: K2 =a’+ iaz(pr — 1)2 = a? +%a2(4p§ —4p, + 1) = a?p3 — a’p, +2a2
Also: Kk=p,—a-Kk*=(p,— a)z = pp — 2ap, + a*

Therefore: a’py — a’p, + Zaz = pg — 2ap, + a*

i.e.: a’ps —a’p, + Zcxz —p5+2ap,—a* =0
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1
or: (pg—pp+z)a2+2ppa—pf,=0
_2ppi\/4pf,—4(pr2,—pp+%)(—p]2)) —pripp\/4+(4p12,—pp+1)
hichyields: a= =
e 2(pp-pp+3) 2(p§-Pp+3)
—-2pptpp [4p5—pp+5 -2+ /4p12)—4pp+5 5 -2+ f4pI2,—4pp+5
B 2p5—2pp+% ~ P %(pr_l)z ~ P (pr_l)z
/4p§—4pp+5—2
since a, p, > 0: a= pr z 1)2 (only the plus sign applies)
Pp—
2
rendering: A= ia (pr — 1) =2p, (\/4p12, —4p, +5— 2)
Quod Etiam Erat Demonstrandum.
Py = % =21 =0 (agrees with ref.2 saying p, > %).
pp=1 =21=2(5-2) ~ 0.472 135 954 999 579 6
pp = 1.183458256 38435 =41 =1
Pp =§ =>1=6(V2-1) ~ 2.485 281374 238 571
pp =3 =21=16(v29 - 12) ~ 20.310 988 842 807 02

Taylor series @pp = 0: converges for p, < \/3/2 only

Laurent series @p, = c0: A = 4-prz, —6p,+2 + pi — # — % + 0 (p—ls)
P P p P

=2p,(2p,—3)+2 +0 (é)
This is rougly twice as large as the value found further above. Hence, we've learned
something, hurray! The effective deflection path length must, with half the curvature
and twice the deflection angle, be roughly four times longer than what applies to
Soldner's finding.

In both found equations:  4; = p, (\/4p12, —4p, +2 — 1)

and: Ay =2p, (\/4p}2,—4pp+5—2)
we can easily equate: A=p,
Wouldn't this
render a circular orbit, i.e. degenerate the hyperbola to a circle?
Wouldn't this

imply a perihelion precession at the very same orbital velocity,

which for light of course equals the very speed of light?
Wouldn't this

yield a lower limit below which light can never orbit, since

that would "overdegenerate" the hyperbola, i.e. destroy it?
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It would yield: Pp = Pp (\/4p% —4p, +2 - 1)

“1= [4p5—4p,+2—-1 - /4pl§—4pp+2=2

LApl—A4p,+2=4 ~4pl—4p,—2=0
_ 44J16-44(-2) _ 44+V16+32 _ 4+V481/4 _ 143

p 8 8 8 1/4 2
Soldnerian/Newtonian: «(pp>0) =10 ~ 1.366 025 4
S Pmp=2pp, =1++3 ~2.7320508
and: Pp = 2pp (\/4pr2,—4pp+5—2)

.'.1=2</4p5—4pp+5—2>=2- /4p§—4pp+5—4:1
n 2 /4pg—4pp+5=5 ~ 4(4p3 — 4p, +5) = 25

#16p% — 16p, +20 =25 =10 = 16p% —16p, —5=0

_ 16+,/256-4'16(=5) _ 16+V256+320 _ 16+V576 _ 16424 _ 243
P 2:16 - 32 T 32 T 32 7 a4

doubly bent: w(pp>0) =2 =1.25
pM,p = pr = 2 5

Actual
position
of star

Apparent
position
of star

Earth ‘
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