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Look at the area above the x-axis in the left-hand image, right of the
vertical dashed line below point P, marked with a blue asterisk *.
Doesn't it metaphorically look like a bay, a cove (Dutch: baai, inham)?
The Latin word for such a thing is sinus [SEE-noos, not SIGH-nus!]. In English: sine.
The length of this vertical dashed line obviously depends on the angle «a.
Let's call this length the sinus (or sine) of a.

The vertical distance from P down tothe x-axis isthe sinus of a.

Then we have that strange angle a
(the overline is my own choice, not a standard mathematical notation).

With it, you fill the right angle in which a already sits.
Latin for with is the prefix com- and full is plenus.
The angle a is called the complement of a.
Now guess what complete actually means... Yeah, we've got all with which it's full.
Above the horizontal dashed line left of P, we now find the bay, the cove
of this complement, which in Latin is complementi sinus,
abbreviated cosinus; in English this turned into cosine.
Hence, the co in cosinus does mean with, butitis atwo-stage rocket!
We'll call the length of this horizontal dashed line the cosinus (or cosine) of a.

The horizontal distance from P leftward to the y-axis isthe cosinus of a.

Let's now become a bit mathematical.

The unit circle is defined by: x* + y2 =1 (recognise the Pythagorean theorem?)
We define: sina =y

and: cosa :=x

This very simply implies: cos’a+sin’a=1
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It should be obvious that: sina = cosa@ = cos(90° — a)
and: cosa = sina = sin(90° — )
We also define: tana = sina

cosa

which in Latin is called tangens [DON'T apply English pronunciation rules! It's TANG-gens with
a short-duration A like in farrrt, NG like in thing, gens like get & a sharp s, bat | won't call gou a moron, duneg!]

In English it's mispronounced tangent. Similar triangles teach us it's t in the right-
hand image, the length of the touching (literal meaning of tangens) line segment.

Now we temporarily replace a with x, wichis not the same x as above!
| will not derive next two, but presume you already know

R d .
the derivative: asmx = COSX
d .
as well as: Ecosx = —sinx

d . ) d
itanx _ d sinx _ (cos x)(asmx)—(smx)(acosx)
dx dx cos x cosZx

(cosx)(cos x)—(sinx)(— sinx)

which renders:

cos? x
cos?x—(-sin*x) _ cos®a+sin®x

cos? x cos?x

=1+tan?x =

cos2 x

Back to the image, but suppose it has radius r. The coloured circle segment's
surface area A equals the circle's total surface area mr? times the arc length PQ =
2ar (measured along the circle's edge) divided by the circle's total circumference 2mr ,

. 2
ie.: A =mnr? i: = ar?
hence: a=A/r?
which, with r = 1 becomes: a=A how nice!
This means: y =sinA
and: x =cos4
which applies to the unit circle only!
. . A
Otherwise: % = sin—; (scaled by 1)
X A
and: - = CO0S—
Tr r

The inverse function of sinus, cosinus & tangens

are mostly denoted as: sin"la, cosla & tan"l«.

I not only find this rather repulsive, it's just plain wrong!
One should not, repeat: not, repeat: NOT use
an exponent to indicate an inverse function! Per Jobem!

A way better notationis: arcsin a, arccosa & arctana.
This prefix is explained by the fact that in a unit circle, the arc equals the angle.

Let's now have a look at a unit hyperbola.
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Unit hyperbola Unit hyperbola

First of all: this time, the angle 8 hardly has a significant meaning!
That's why it's named 0 instead of a.
However, we are goingto use the similar surface area A.
The red lines are the hyperbola's asymptotes.

Once again, we've got

a defining equation: x*—y?=1
and, completely analogous to what we just found, we simply define
the sinus hyperbolicus: sinhA4 =y
& cosinus hyperbolicus: coshA4 :=x
immediately rendering: cosh?A —sinh?4 =1 - coshA4 = V1 + sinh2 4
. ._ sinhA _ sinha . _ tané

& last but not least, we state: tanh A = el tan = — sinhA = —
which of course is the tangens hyperbolicus, t inthe right-hand image.

. .. sinh A
It obviously & trivially equals: tan (9 = arctan CoshA)

which shows how to find @ in case we'd need it for do | know what.

Similar to what we found above,

their inverse functions are: arsinh a, arcosha & artanha.
Mind the prefix: ar- & not. arc-
ar- stands for: area seems logical, right? Wasn't & meaningless?
(sinhA:ﬂ)
. — Vi-tanZ 6 1_,_—23,2
The arc length: £(0) = fo ve dy

cannot be solved analytically, so there exist no niecg formula for it.
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It should be obvious that the gray areas (two congruent rectangular triangles)

have a total surface area of: Ap = xy = coshAsinh A
= sinh AV1 + sinh2 4
If we subtract that from: A, = (gray + red) area left of the hyperbola,
we will have found: A=A4,—-A, (red only)
We rewrite the defining eqn.: x2=1+y%cx= \/Tyz (using plus sign)
and then: A = f_SlSr:::A V1 + u?du (using u as integr. var.)

which (due to symmetry) equals: A, = 2 fOSinhA V1 + u2du

In order to obtain the antiderivative, | used https://www.integral-calculator.com/

inh A
which yielded: Ay = (WTHuZ +In(u+Vi+u?))] "
By differentiating it on https://www.derivative-calculator.net/, | verified its correctness.
We evaluate: A; = sinhAV1 + sinh? A + In(sinh A + V1 + sinh? A)

—(0v1+02+1In(0++vV1+0%) =0+1n1=0)
From this, we must subtract: Ay = sinhAvV1 + sinh? A

leaving: A= ln(sinhA + V1 + sinh? A)
hence: e4 =sinhA + V1 + sinh? 4
ie.: (e4 —sinh 4)? = 1 +sinh? 4
so we get: e?4 — 2e4sinh A + sinh? A = 1 + sinh? 4
yielding: e?4 —2ed4sinhA =1
which renders: e?4 —1 =2e4sinh A
. _e?A-1 1 (e?4 1) _ el-e™
Therefore: sinh4 =——7-= E(e_A - e_A) =—
A_,—-A)2 2A_ o, A, —A, ,—2A 24, ,—24A_

from which we obtain: sinh? 4 = (e : ) _ ez i AL +e4 2

. - e2Ate—24_)
& we also find: cosh4 =+1+sinh?4 = 1+f

_ [4+e?4ye24-2  [e2A424e724

N 4 N 4

_ [|e2A+2edeAte=24  [(eAte~4)2  el+e
- 4 B 4 2

sinh A _ ed—e=A

and, obviously: tanh A4 = =
’ y cosh A edte—4
. d . 1d 1d _ 1 1 _ _
We derive: —sinhx =-—e*—-—e¢™* =-e¥ —=e™*(—1) (chainrule!)
dx 2dx 2dx 2 2
eX+e™X
= = cosh x
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as well as:

which renders:

d 1d 1d _ 1 1 _
—coshx=-—e*+-—e* =-e*+-e7%(—-1)
dx 2dx 2dx 2 2
e¥—e™* .

= = sinhx
d d sinh x (cosh x)(dixsinh x)—(sinh x)(%coshx)
—tanhx = — =
dx dx coshx coshZ x

__ (coshx)(coshx)—(sinhx)(sinhx) _ cosh?x-sin®x

B cosh? x N cos2x

1 4
=1 —tanh?x = =

coshZx ~ (e*+e—X)2

Graphs of sin x, cos x, tanx:

4

~

Graphs of sinh x, cosh x, tanh x:
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The cosinus hyperbolicus cosh x may look like a parabola, but it definitely isn't!

Instead, it is the so-called catenary (NL: kettinglijn)
(pronounced: GB: ka-TEE-near-ee, US: KAT-an-err-ee)
which | will not derive here, since that is way too huggely very rather Rind of a bit complicatated...

It is the shape of a hanging chain with both ends fixed:

SR i )t s ot S [ i -

catena cosinus hyperbolica

Mother Nature found outthat a catenary best counters gravity.

At each point, the resulting net force
(by adding gravity, resilience of the fixed points holding it, stretch in the chain, etc.)

is precisely along the chain itself, thus using all of its strength.

It can also be upside-down & then it forms the strongest possible arch resisting
its own weight (not any force flexing it), e.g.the Gateway Arch in St. Louis, Missouri:

arcus cosinus hyperbolicus

Some easy & important specific values:
(7] sin @ cos 0 tan 6
0° | V0/2=0 Va/2 =1 0
30° | V1/2=1/2 V3/2 1/V3
45° V2/2 V2/2 1
60° V3/2 Vi/2=1/2 | 3
90° | V4/2=1 V0/2=0 | 1/0="?

Memorise this table!

Of many angles there exist exact algebraic forms of sina
(hence also the other trigonometric functions)

using only arithmetic expressions and n'" roots.
See https://en.wikipedia.org/wiki/Exact_trigonometric_values.
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Tightly connected to a circle is the number
m ~ 3.14159 26535 8979 3238 4626 4338 3279 ---

Que j'aime a faire apprendre un nombre utile aux sages.
Immertel Archimeéde, artiste ingénieur,

Qui, de ton jugement, peut priser la valeur?

Pour moi, ton probléme eut de pareils avantages.

as seen in its circumference: Ceirc = 2mr
and its surface area: Acire = T2
as well asin a sphere's area: Asph = 47rr?
. 4
and its volume: Vsph = gnr3

You should also know: e~ 271828 1828459045

| betyou're already familiar with 2.7;
then comes Tolstoi's birth year twice
& he was using a set square (NL: geodriehoek)...

In https://henk-reints.nl/HR-introductie-complexe-getallen.pdf, | explain (in Dutch)
the imaginary unit: i=v-1
hence: iZ=-1

Leonhard Euler found

a truly famous beauty: €% = cos@ +isind
Doesn't this nicely connect T and e to get her'?
It simply renders: e +1=0

perfectly interconnecting the five most important and
fundamental numbers in all of mathematics & physics!

| also showed: sin(iz) = isinh z
cos(iz) = cosh z

and: sin( z) = -—isinhiz
cos( z) = coshiz

Since sinus and cosinus originate from the unit circle,

they are tightly related to: /(4 and their

hyperbolicus cousins rely on: e as derived above.

Hence, these last four equations also show a clear link between  and e, right?
Another very famous relation between them

is the Gaussian integral: f_oooo e dx = Vi

of which Gauss wrote it had been found by Laplace.

d -1 dcosx —(-=sinx)
And look at: — (—=Incosx) = - = =tanx.
dx cosXx dx cosx
Doesn'tit connect e (viathe natural logarithm) to 7T (via the tangens)?
. . x0 x1 x? x3 x4 x5 x6 x7
Itis from the series: e* = 4= 4= 4= 4= += +—= +—=
0! 1! 2! 3! 4! 5! 6! 7!
) x1 x3 x5 x7
& sinx =— - +— -
1! 3! 5! 7!
x0 x? x4 x©
& cosx =— —— +— - —
0! 2! 4! 6!

how Euler found his fabulously famous fantastically fruitful formidable f***ingly
fantabulous far-reaching fearlessly feastful flawless featureful fertile fiercely fine flashingly
firm flourishing foolproof forcefully fulfilling functional formula for finding f(0) = e'f,
It almost immediately arises if you equate: x = i@ in e* and see that i?"*! = {(i?")

and i?" = (i)™ = (=1)" (alternatingly +1 & —1, thus yielding all signs appearingin sinx & cosx).

'NO! Leave this beauty alone! Pay respect to this very elegant lady, $¢oUNDREL!

Created: 2026-07-26 Copyright © 2026, Henk Reints, MSc. https://henk-reints.nl/



https://henk-reints.nl/
https://henk-reints.nl/HR-introductie-complexe-getallen.pdf

HR/20260810T1622 Sin, cos, sinh, cosh

p.8/8

Euler'sf.f.f.f.f. f. f.f.f.f. f. f. f. f.f. f.f. f. f. f. f. f. f. easily yields De Moivre 's formula:

Vx € R,n € Z: (cosx + isinx)™ = cosnx + isinnx
or: cosx + isinx = (cos nx + i sinnx)/"

This can be used to find the exact value of the 1/n fraction
of an angle nx of which we already exactly know it:
cosx + i sinx = (cosnx + i sinnx)1/™
cosx — i sinx = (cosnx — i sinnx)/"
~ 2cosx = (cosnx + i sinnx)¥™ + (cosnx — i sinnx) /"
However, it involves complex numbers (but the result should be real).
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