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Balls and spheres in various dimensions p.1/20

T
ball:

sphere:

volume:

surface area:

circle:
disk:

radius of a ball or sphere;

collection of all points having a distance d
to some reference point we call its centre,
where d < r; itis massive, inside is part of it;

collection of all points having a distance d
to some reference point we call its centre,
where d = r; itis hollow, inside is not part of it;

size of what is enclosed by a sphere;
size of what encloses a ball;

a sphere is the outer surface of a ball,
a ball is a sphere plus all it encloses;

equivalent of a sphere in 2D space;
equivalent of a ball in 2D space,
i.e. a circle plus all it encloses.

A ball is massive, a sphere is hollow.
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Single Dutch:

In dit document is
een "3-ball" een massieve bal en
een "2-sphere"” een holle bol, Gijs!

Ezelsbruggetje (donkey bridgie?):
de a van bal komt van massief of alles;
de o van bol staat voor opperviak;
ook rijmt bol op hol en da's nie vol. Lol.
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In daily life, a surface area is 2D and a volume is 3D .
In multidimensional mathematics, that's anethercook different:

cf. a desktop cf. the space beyond our
(no, Qg,gzrfor;ng’f;f,r) all around us  |imagination
math. name: | 2-ball 3-ball 4-ball
conv. name: |disk ball hyperball
osed math. size: |2-volume 3-volume 4-volume
SNEOSEE: conv. size: Zl,l-g: ce [m?] lvolume  [m3] Cgruer;e [m?]
V, = mr? ng%nr?’ V4=7T72 4
math. name: | 1-sphere 2-sphere 3-sphere
conv. name: [circle sphere hypersphere
math. size: |1-surface area 2-surface area | 3-surface area
enclosing: | circum- surface , 5
conv. size: ference [m] area [m<] | volume [m?>]
Ap =522 Ay =27y A, = 4mr? A = 21273
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Balls and spheres in various dimensions

p.4/20

conv. TAp_1  21TT2Vy_, A 2 dVn+1 |cCONVv.
= = =2nrV,_, =
descr. £ = = n n-1 dr |descr.
Vo =1 Ay =2
TrA circumf.
v, =20 = 2p A, = 2mrVy = 2mr o
1 of circle
area o TA area o
reaof |y =TI _ g2 A, = 2nrVy = 4mr? f
circle 2 sphere
volume rA 4T
of sphere Vg = 32 D E T As = 2mrVp = 2m°r”
rA T2 812
V,==2=—r% A, = 2nrV, = —r?
4 2 > 4 3 3
rA 812
Ve = =2 ="—p> A = 2nrV, = m3r>
5 - 1o 5 4
rA 3
V6 = 65 = . 7"6 etc.

V,, isenclosed by S, _1,
(S,, denotes the (hollow) n-sphere as such, A,, is the value of its surface area).

S, encloses V.4

On the internet they often use S,, or A, toindicate the surface of an n-ball

where they should actually have used S,,_; or A, _;, which is rather cofunsign.
The earth is a 3-ball & its surface is a 2-sphere with 2 dim., i.e. lat. & lon.
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6,7 6,7
n-volume of n-ball'®’! and n-surface area of n-sphere!®’ for n < 20
/2 n /2 N1 2g(n+1)/2 n
r(3+1) r(n/2) (%)
(0.0)
. [ ] N —_— —1 —
where T'(x) is the so called gamma function®: T'(x) = fo t* e tdt
'(x+1) =xI'(x) VvineN, n>0):T(n)=mn-1)!
Volume of n-ball Surface area of n-sphere
Vo = 1 = 1.00000 AO = 2 = 2.00000
Vi = 2 * p 2.00000 * Al = 2 * pi * p = 6.28319 * p
V2 = pi * pA2 = 3.14159 * pA2 A2 = 4 * pi * pA2 = 12.5664  * r~2
V3 = (4/3) * pi * pA3 = 4,18879 * pA3 A3 = 2 * pir2 * pA3 = 19,7392  * pA3
V4 = (1/2) * pif2 * pr4 = 4.93480 * pag A4 = (8/3) * pif2 * rr4 = 26.3189 ¢ rr4
V5 = (8/15) * pif2 * pAS = 5,.26379 * pAg A5 = pi*3 * pA5 = 31.0063 * rAS
V6 = (1/6) * pir3  * prg = 5.16771 * prg A6 = (16/15) * pir3  * rre = 33.0734 * pr6
V7 = (16/105) * pif3 ¥ pA7 = 4.72477 * pA7 A7 = (1/3) * pif4d  * pA7 = 32,4697 ¢ AT
V8 = (1/24) * pir4  * pA8 = 4.05871 * pAg A8 = (32/105) * pir4  * rA8 = 29.6866  * r~8
VO = (32/945) * pir4  * pA9 = 3,29851 * pAg A9 = (1/12) * pif5  * pA9 = 25,5016  * A9
V1o = (1/120) * pir5  * pAl1Q = 2.55016 * pA10 A10 =  (64/945) * pin5  * pAl1Q = 20.7251 ¢ rA10
Vil =  (64/10395) * pir5  * pAll = 1.88410 * pA1l A1l = (1/60) * pife  * r~11 = 16.0232 * pAll
V12 = (1/720) * pire  * pA12 = 1.33526 N ) A12 = (128/10395) * pifg  * pA12 = 11.8382 ¢ pAl2
Vi3 = (128/135135) * pire  * r~13 = 0.910629  * rA13 A13 = (1/360) * pir7  * pA13 = 8.38970 * r~13
V14 = (1/5040) * pir7  * pAl4 = 9.599265  * r/l4 A14 = (256/135135) * pin7  * pA14 = 5.72165 * rrl4
V15 = (256/2027025) * pi”7 * r~15 = 0.381443  * pAl5 A15 = (1/2520) * pif8 * pAl5 = 3,76529 * rA15
V16 = (1/40320) * pir8 * pAle = 0.235331 * pAle Al6 = (512/2027025) * pi”8 * r~l6 = 2.39668 * r~le
V17 = (512/34459425) * pi”8 * p~Al7 = 0.140981  * pAl7 Al17 = (1/20160) * pifg  * pAl7 = 1.47863 * rAl7
V18 = (1/362880) * pifr9  * pAl18 = 8.21459e-2 * rA~18 A18 = (1024/34459425) * pi”9 * r~18 = 0.885810 * r~18
V19 = (1024/654729075) * pi”9 * r~r19 = 4.66216e-2 * r~19 A19 = (1/181440) * pir10 * r~19 = 0.516138 * r~19
V20 = (1/3628800) * pi~1@ * r~20 = 2.58069e-2 * r~20 A20 = (2048/654729075) * pi”l1@ * r~20 = 0.292932 * r~20
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Equivalent (simpler?) formulas:
k

_ 3 2k
VZk — F r
k
V. — 2(2m) 7"2k+1
2k+1 (2k+1)!!
k
A _ dek _ 2TT 2k—1
2k-1 dr (k—1)!
_ AVogs1 2(2m)* 2k
AZk — o r
dr (2k—1)!!

where "!!" isthe double factorial®:
NM=7%x5x%x3x1
BIl =8X6X4X2

Tl!!=n><(n—2)x(n—4)x...x{2 if nis even

1 ifnis odd
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n-sphere caps.

An n-sphere has great (n — 1)-spheres, cf. great circles like equator & meridians on Earth.
Colatitude := angle to North Pole, latitude := angle to equator, both along a meridian.

n-sphere cap = portion of n-sphere within a given colatitude
= non-Euclidean (concave/convex) n-ball with an (n — 1)-surface area.

Cf. a boiled egg's top that has been cut off. Conventionally, the edible part
of the egg inside this top is part of the cap. In this very document however, |
mean only the cut-off part of the egg's shell to be a cap, without its content.

Cf. surface of the 3-ball named Earth = a 2-sphere, the (perfectly round) arctic ice
cap is a 2-sphere cap, which is a (non-Euclidean) 2-ball (i.e. disk) within a given
1-sphere (circle of latitude), the latter often identified by its colatitude or its radius
measured from the North Pole as an arc length along a meridian on Earth's surface.

In daily life, this ice cap's 2-volume & 1-surface area
are called surface area & circumference, respectively.

A 2-sphere cap is a (non-Euclidean) 2-ball (disk) with a 1-surface (circumf.)
& a 3-sphere cap is a (non-Euclidean) 3-ball with a 2-surface.
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In this document, | define:

ca
v, P:= n-volume of an n-sphere cap;

AP == (n — 1)-surface area of an n-sphere cap.

hence: VZCap is the 2-vol. of a 2-ball (disk) with a 1-surf. area (circumference);

V;ap is the 3-vol. of a (massive) 3-ball with a (hollow) 2-surf. area.

In his introduction, S.Li defines!!:
Let S* be an n-hypersphere, or n-sphere for short,
of radius r in n-dimensional Euclidean space.
This is however inconsistent with the
standard definition of an n-sphere.
An n-sphere exists in (n + 1)-dimensional Euclidean space.
S.Lisays a 2-sphere would exist in 2Dgy, but since a 2-sphere is the
surface of a 3-ball, it requires 3Dgyq . In 2Dgyq exist 1-spheres (circles).

Earth's surface is a 2-sphere whilst Earth itself is a 3-ball in 3Dgy( .
King Arthur's table top is a 2-ball in 2Dg, & its edgeisa 1-sphere.
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S.Li derives:
1 n+1 1 1 /2 n+1 1
v = otaca ()= b e (5
n 2 'm o Asinf g T, 03 2 T(1+n/2) sin“p \" 2 /3
cap _ 1, 1) - m? a1, (=10
An _zA" ISinzfp( 2 '2) I‘(n/Z)r Isin2<P 2 2

But what he would call a 3-sphere actually isa 2-sphere, etc.

| rename V, * to W, P, which then is the n-volume of an n-ball top,
being a fraction of the n-volume of the entire n-ball, so it includes part of

the n-ball's original interior (the edible part of the aforementioned egg). In
this very document, | will further ignore WnCap . By renaming, the symbol
VP has become available for reuse and | rename A, " to Vncff , Which
would for example be the surface of an ice cap on Earth. It is the

(n — 1)-volume of an (n — 1)-sphere cap, thus correcting for S.Li's error in
the dimension.

Via an (n—1) > n transformation, VnCap now is the n-volume of an
n-sphere cap, which itself is a non-Euclidean n-ball with an (n — 1)-surface.
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/2 n-1 1

s A= et (1010
>.Li's n rn/2) sinf @\ "2 2

/2 —
.opep — T -1 (”_1 1)
has now become: V, ~} v Lsinz p \ =13
(n+1)/2
hence: V., (p) = o) re-Ignz, (2,2)

is the n-volume of an n-sphere cap within colatitude ¢,
for example the surface of an ice cap or so.

cap . chap

We redefine A, as the (n — 1)-surface area

dry,
of an n-sphere cap (e.g. the circumference of an ice cap),
where 7, = radius of n-ball (= n-sphere cap) as measured along
the n-surface of the n-spere on which the cap resides, i.e. the
colatitudinal arc /ength (distance from North Pole along terrestrial meridian).
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What the heck is I (a,b) ?

sin? ¢
The Regularised Incomplete Beta function & ¢ is the colatitude.

And what is the Regularised Incomplete Beta function?

. __ B(x;a,b)
Itis: I,.(a,b) = B (ab)
where B(a, b) is the Beta function, which in this definition of

I.(a,b) regularises the Incomplete Beta function B(x;a,b) .

1 ,_ _ I'(a)T'(b)
B(a,b) = [ t%1(1 — t)P~1dt = F?aer)

and B(x;a,b) = [; t71(1 — )P~1de
hence B(1;a,b) = B(a, b)

After substituting sin® ¢ for x, we obtain the behemoth

I .2 (p(a b) which can spawn various equations using @ .
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A script performing this spawning task for some (a,b) domain yielded

[5] 1 l) _ X
(using recursion rules™ & the I, (2 a ~ =
11\ _ 29 2 1\ _
Lin g (573) = ¢ lsin g (3,3) =1~ C
3 1\ _ 2¢-sin2¢ 4 1\ Sz
iz (5,3) =~ lintg (5,3) = 1= C(1+7)
5 1\ _ 2¢-sin2¢-C(4S3/3) 6 1\ _ s2  3s%
lsint (33) = - linzg (3:3) = 1= C(1+5+7)
7 1\ _ 2¢-sin2¢p—-C(4S3/3+165°/15)
Lsint  (33) = -

_ 29

Lz (53) =1-C (15477

6
+55)
16

—sin2¢—C(453/3+165%/15+3257/35)
T
10 1 556 3558
Lgin2 (p(_ _) 1-C ( 16 t 128)
: T
where: S:=singp, C:=cosq, OSQDSE
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Already mentioned: Gamma function; some values:

r(;)= NG
r ): Vi /2
r )= 31/4
r )= 157/8
r(2)= 1057/16
1) = 945 /11 /32

!

10 395 /64

=3

135 135+/m/128

!

2027 025+/m/256

=

-y
—~ A~ ——~ —~ —~ —~ —
le Nl: NlU‘-l Nla N|"‘ NIO NIN N[l N|w N|R

N— e e N N
Il

= 34 459 425+/7/512

Q

Q

Q

~
~

1.772 453 850 905 5158;
0.886 226 925 452 7579;
1.329 340 388 179 137;
3.323 350970 447 842;
11.631 728 396 567 448;
52.342 777 784 553 52;
287.885 277 815 044 33;
1871.254 305 797 7882;
14 034.407 293 483 411;

119 292.461 994 609;

r (2k+1 — k+ %) _ (Zk_l)”\/E

2

2k

r(y) =o! 1;
re) =1 1;
r@3) = 2! 2;
r(4) =3l 6;
r(s) = 4! 24;
r6) = 5! 120;
r(7) = 6! 720;
re) =7 5 040;
r(9) =8!'= 40320;
r(10) = 9! = 362 880;
I'm)=(n-1)!
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2’2

2

s (1+1)/2 11 2
yielding: p((p) = n(l—ﬂ)r Iginz (5,5) = - -
2

(n+1)/2
o shove: VP92 = e, (51

- r(1)=(01)=1r T

= 21 = arc length of circle segment where ¢ is from
circle's NP; segment extends to both sides;

(241)/2
cap T 2 1\ _ m/m
VZ (‘P) — @rz Ism 0, (2 2) () re (1 )
2 2
—\7_\//_ 2.(1-0C) =2nr*(1 — cos @)
Vzcap(go =0)=0 seems rather obvious;
v, P (go - g) = 211t = 47?2 area of a hemisphere;
(3+1)/2 2 o
cap T 3.7 3 1) _ T 3 2¢—sin2g
@)= (3:1) T isin?g (2’2 r@=(10=1" T

= nr3(2¢ — sin 2¢)
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. A
With: p = P dimensionless distance;
Pantipodal = T
we find: Pcap = <p::p = % which we'll simply call p from now on;
hence: Q = TP
Also: D, = Dantipodal = TT (r = (hyper) radius of n-sphere);
ergo: p="2a. pm_Da
80: o ~gm
. cap _ 3 . D3 ,
SO: ;5 (@) = mr°(2¢ — sin2¢) = n;(an — sin 27mp)
VP (p) 2mp—sin 2w
yielding: 3—3 = P > £ which is dimensionless;
D3 T
. cap 2D§ 2 3 .
and: L5 (p=1) = — = 2mer> = Az (r) 3-area of entire 3-sphere;
cap 2 D?
Also: V, (@) = 2nr*(1 — cos @) = Zn;(l — COSTIP)
V;ap (p) 2(1-cosmp)
hence: — = also dimensionless;
D3 T
. cap 4D§ 2 .
and: L p=1)= = 4nr- = A,(r) 2-area of entire 2-sphere;

[
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n-surface ("circumference"):

ca ca
Acap __dvy, B 1 _ dv., p(p)

n  dr, D, dp

Sgap = (non-Euclidean) S, , "circumference" = 2-surface area:
VP (p) = D3 e AP (p) = n— ‘25 (@mp = sin 2mp)
3-spherical: C‘J‘p( ) =
. 4135l )
Euclidean: 4nrsy, = 4nDsp? - (p)
52Cap = (non-Euclidean) S; , circumference (of ice cap) = 1-surface area:
cap _ 2(1—cosmp) . cap 2D, d
V, " (p) = Di =—— v Ay (p) =77 - (1= cosmp)
2-spherical: A;ap(p) = 2D, sinmp

Euclidean: 2TTeap = 21D,p = 2D, (7p)
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Addendum 2026-04-25

It is often said that the volume of a unit n-ball has a
maximum at n = 5 and it keeps declining as n tends to infinity.

Yeah. But it's comparing apples to elephants or giraffes to oranges!
Isn't the unit of volume a unit n-cube which clearly dependson n?
In matldhahaths, dimensionful units are rarely used, but I am a phpgicist!

Is a cubic metre é a metre squared? Is an ampere é a kelvin?

What actually changes with varying n is the coefficient of r™.
Now consider a unit n-cube with an inscribed n-sphere which then obviously has
a radius of r =1/2. Also look at the volumes of n-balls @p.5 and substitute
r’* =1/2". We then actually get the volume of an n-ball divided by that of its
circumscribed n-cube . Physicists call it the dimensionless volume.
THAT is what declines (from the beginning!). Next are those dimensionless volumes.

1.0 , 1.00 , ©.785 , 0.524 , ©.308 , 0.164 , 8.07e-2,

3.69e-2, 1.59e-2, 6.44e-3, 2.49e-3, 9.20e-4, 3.26e-4, 1.11e-4,

3.66e-5, 1.16e-5, 3.59e-6, 1.08e-6, 3.13e-7, 8.89e-8, 2.46e-8

TIP: you should definitely watch:

The most beautiful formula not enough people understand
by 3BluelBrown, https://www.youtube.com/watch?v=fsLh-NYhOoU .

http://henk-reints.nl
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Said video also explains next,
which I'll give a more physical interpretation,
which | think might be more comprehensible.

Consider an n-ball with radius r and homogeneous density p,
the latter being amount of stuff per unit n-cube.
Of course this amount of stuff equals pl,, , right?

Now look at an inner n-ball having radius (0 < e < 1)r.
Its n-volume equals (Vme o< e"r") = "V, , right?

Then the inner volume fraction V, . /V,, = €™
equals the inner stuff fraction, right?

Wouldn't (0 < € < 1)™ quickly drop to nought with increasing n?
Doesn't that imply the inner volume fraction quickly declinesas n — oo ?
Doesn't that imply the inner stuff fraction quickly declinesas n - oo ?

Hence, most of the stuff is contained in the outer shell of the n-ball !
Hence, most part of the n-volume sits in the outer shell of the n-ball

The inside of an n-ball gets less and less relevantas n — oo,
It's the inside of an n-ball that lacks significant n-volume .
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Half of the n-volume of an n-ball resides within \/1/2 R, so (the other)

half of the n-volume sits in the outer 100 (1 — 1/2) %

of the radius.

By the way, for an n-cube itis similar! Its n-volume sits for a great part near
its corners, i.e. outside the enclosed n-ball which does not touch those places.

Inner & outer half of n-volume of an n-ball by radius:

n| % of r | (good old teletype graphics)

1 50.00 (1-ball = line segment) ----------------~--~-~-~-~-~--- 1111113112171113113121211113121217131131212117117131131131111
2 | 29.29 (2-ball = (1-sphere = circle) + inside = disk) --+-------------------- 22222222222222222222222222222
3 | 20.63 (3-ball = (2-sphere = sphere) + inside = ball) --4+-------------------------—-- 333333333333333333333
4 | 15.91 (4-ball = (3-sphere = glome) + inside) --------- R e e 4444444444444444
5 12.94 | ----m e e - R e L L 5555555555555
6 | 18.91 |-----mmmmmmi e e R EE LR 66666666666
7| 9.428 |----momi e R LR 777777777
8 | 8.300 |-----oom o e R PR 88888888
9 7 A13 | mmm i m e e T e T T 9999999
10 6.697 |- - mm e T e PP 0000000
11 6.107 |- - mmmm e e o m e 111111
12 5 eB13 | mmmmmmm e e e e e - 222222
13 5,192 | mm o mm oo o U 33333
14 4.830 |-----mmmm T e T T 44444
15 A.516 | =mmmm i mmm oo S 55555
16 | 4.240 |---mm e oo 6666
17 T - [ U 7777
18 3,778 | mmmm e e e e e 8888
19 3.582 | mmmmmm o m oo S 9999
20 30406 |- - - - - mmmmmm oo oo S 000

Sigh..
Byel
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