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Suppose we have got a pendulum and we want to know its period,  i.e. 

how long it takes for it to swing back and forth1 once.  Well,  you pull it 
towards you,  let it go and catch it once it has returned to you and I will 
press the appropriate buttons of the stop watch.  This definitely yields an 
indication of said period.  But both you and me  will make some 
measurement error.  Human reaction/response time to some sudden 
event roughly equals a quarter of a second and that may occur twice,  so 
an error of half a second is certainly plausible. 

What if you let the thing swing ten times befre you catch it?  We can 
then divide the total time including this error by ten to obtain a ten times 
more accurate measurement of the pendulum's period. 

But we also want to know the point in time of our measurement.  Can 
we truly define that more accurate than the total duration of the 
measurement?  By improving the accuracy of the period,  we loose 
accuracy of the point in time. 

This period directly relates to the swing frequency. 
This also applies to a vibrating guitar string or so.  If we very accurately 

measure its pitch,  we obtain a vague indication of the point in time.  
However,  a very short  BANG!  will yield a rather accurate point in time,  
but can we determine the pitch of an exploding balloon? 

We can either measure an accurate pitch for the price of vagueness 
regarding the point in time,  or accurately measure the latter and nearly 
completely miss the pitch. 

It is as if these accuracies are on a seesaw  (NL: wipwap).  One end goes 
up and the other goes down. 

In a mathematical notation,  the product of the inaccuracies has some 
minimal value. 

In physics,  we can associate pitch with energy and our unsurpassed 
deity Albert Einstein found an elegant and simple but yet easy formula 
for that:  𝐸 = ℎ𝜈,  earning him the Nobel Prize. 

And Werner Heisenberg found the so-called uncertainty relations that 
primarily apply to subatomic particles,  but also to the above. 

The maths is on next page.  

 
1  Shouldn't that be  forth and back? 
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We've got: 𝜈 =
1

𝑇
∴ 𝑇 = 𝜈−1 

hence: 𝑑𝑇

𝑑𝜈
= −𝜈−2 

therefore: 𝑑𝑇 = −
𝑑𝜈

𝜈2
 

in 1st order: ∆𝑇 = −
∆𝜈

𝜈2
 

so: ∆𝜈 = −𝜈2∆𝑇 
Using standard deviations: 𝜎𝜈 = 𝜈2𝜎𝑇  
Also: 𝐸 = ℎ𝜈 
yielding: 𝜎𝐸 = ℎ𝜎𝜈  

Heisenberg: ∆𝐸 ∙ ∆𝑡 ≥
ℎ

4𝜋
 

should  be read as: 𝜎𝐸𝜎𝑡 ≥
ℎ

4𝜋
 

hence: ℎ𝜎𝜈𝜎𝑡 ≥
ℎ

4𝜋
 

i.e.: 𝜎𝜈𝜎𝑡 ≥
1

4𝜋
 

yielding: 𝜈2𝜎𝑇𝜎𝑡 ≥
1

4𝜋
 

which means: 𝜎𝑇𝜎𝑡 ≥
1

4𝜋𝜈2
=

𝑇2

4𝜋
 

so we obtain: 𝝈𝑻

𝑻

𝝈𝒕

𝑻
≥

𝟏

𝟒𝝅
 (would also apply to a normal pendulum) 

These are  standard deviations normalised w.r.t the oscillation period. 

Relativity: 𝐸 = 𝛾𝑚𝑐2 =
𝑚𝑐2

√1−𝑣2 𝑐2⁄
=

𝑚𝑐3

√𝑐2−𝑣2
= 𝑚𝑐3(𝑐2 − 𝑣2)−1 2⁄  

and: 𝑝 = 𝛾𝑚𝑣 =
𝑚𝑐𝑣

√𝑐2−𝑣2
= 𝑚𝑐𝑣(𝑐2 − 𝑣2)−1 2⁄  

We find: 𝒅𝑬

𝒅𝒗
= 𝑚𝑐3

−1

2
(𝑐2 − 𝑣2)−3 2⁄ (−2𝑣) =

𝒎𝒄𝟑𝒗

(𝒄𝟐−𝒗𝟐)
𝟑 𝟐⁄  

Also: 𝑑𝑝

𝑑𝑣
= 𝑚𝑐𝑣

−1

2
(𝑐2 − 𝑣2)−3 2⁄ (−2𝑣) + 𝑚𝑐(𝑐2 − 𝑣2)−1 2⁄  

i.e. 𝑑𝑝

𝑑𝑣
= 𝑚𝑐(𝑣2(𝑐2 − 𝑣2)−3 2⁄ + (𝑐2 − 𝑣2)−1 2⁄ ) 

or: 𝑑𝑝

𝑑𝑣
= 𝑚𝑐 (

𝑣2

(𝑐2−𝑣2)3 2⁄ +
1

(𝑐2−𝑣2)1 2⁄ ) 

which is: 𝒅𝒑

𝒅𝒗
= 𝑚𝑐 (

𝑣2

(𝑐2−𝑣2)3 2⁄ +
𝑐2−𝑣2

(𝑐2−𝑣2)3 2⁄ ) =
𝒎𝒄𝟑

(𝒄𝟐−𝒗𝟐)
𝟑 𝟐⁄  

We conclude: 𝑑𝐸

𝑑𝑣
= 𝒗

𝑑𝑝

𝑑𝑣
 

hence: 𝑑𝐸 = 𝑣𝑑𝑝 
As std. dev.: 𝜎𝐸 = 𝑣𝜎𝑝  

Heisenberg: 𝝈𝑬𝝈𝒕 ≥
𝒉

𝟒𝝅
 

now turns into: 𝑣𝜎𝑝𝜎𝑡 ≥
ℎ

4𝜋
 

i.e.: 𝜎𝑝𝑣𝜎𝑡 ≥
ℎ

4𝜋
 

and with: 𝑣𝜎𝑡 = 𝜎𝑥  (since  𝑥 = 𝑣𝑡 ∴ 𝑑𝑥 = 𝑣𝑑𝑡) 

we arrive at: 𝝈𝒑𝝈𝒙 ≥
𝒉

𝟒𝝅
 

which is the other Heisenberg uncertainty relation. 
It essentially says we can measure  EITHER  momentum (≈ velocity)  OR  position  accurately, 
but not both at the same point in time.  Improving one accuracy decreases the other. 
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